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Abstract

We present a machine-checked formalization of microKanren in
the Agda proof assistant. Building on McBride’s accumulating most-
general unifier, we develop a coinductive stream model for non-
deterministic search with machine-verified soundness, complete-
ness, and maximality for the unification goal. The stream type uses
an inverted mutual record/data pair: a coinductive record KSt ream
whose sole observation unfolds to an inductive Step with construc-
tors fail, yield, and later. Corecursive definitions are written
as copattern equations on .step; Agda’s guardedness checker ac-
cepts both fair interleaving and fair binding entirely without prag-
mas. The formalization is validated on two case studies: a logic puz-
zle and an infinite enumeration program. The entire development
type-checks in the safe fragment of Agda 2.7.0.1 with the standard
library 2.2.
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1 Introduction

MiniKanren is a family of relational programming languages pio-
neered by Byrd and Friedman [6]. Its minimal kernel, microKan-
ren [7], distills the essence of relational search into four primi-
tive combinators: a unification goal (=), a fresh-variable introducer
(callFresh), disjunction (disj), and conjunction (conj). Despite
microKanren’s conceptual simplicity, giving it a formal, machine-
checked semantics is non-trivial: the search procedure manipulates
substitutions that must remain type-consistent as new variables
are introduced, and the resulting stream of answers must be pro-
duced fairly, i.e., the search must not starve any branch.

This paper describes a full formalization of microKanren in Agda,
targeting two goals. First, we want the implementation to be type-
safe in a strong sense: substitutions carry their scope at the type
level, so that applying substitution to a term of the wrong arity is
a compile-time error, not a runtime failure. Second, we want the
central correctness property of the unification primitive to be for-
mally stated and proved: the substitution returned by amgu is a
sound and most-general unifier whenever one exists. More specif-
ically, we made the following contributions:

« We developed a fully type-safe, machine-checked formaliza-
tion of microKanren in Agda 2.7.0.1, in which substitutions
and search states are indexed by scope at the type level, rul-
ing out variable-scope errors at compile time.

« We port McBride’s formalization of first-order unification
by structural recursion [12] to the current version of Agda
and its standard library (Agda 2.7.0.1, standard library 2.2).
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+ We formalize microKanren’s search strategy using Agda’s
support for coinductive types, apply it to solve a logic puz-
zle that reproduces the structure of the Racket miniKanren
implementation, and demonstrate the coinductive machin-
ery on an infinite domain via a pragma-free natural-number
generator.

We introduce callFresh2, a combinator that allocates two
fresh variables in the same scope, resolving the scope-index
mismatch that arises from nesting callFresh calls.

The complete formalization was carried out in Agda 2.7.0.1 with
the Agda Standard Library version 2.2. In what follows, we de-
scribe the main data structures and a selection of functions. For
theorems, we omit the Agda code, as it would distract the reader
with syntactic details. Instead, we state the main results and pro-
vide textual proof sketches, each accompanied by a link to the com-
panion artifact.

The rest of this work is organized as follows: Section 2 provides
background on Agda, the microKanren calculus, and the formaliza-
tion of first-order unification, including the AmguResult correct-
ness framework and three machine-verified theorems (soundness,
completeness, and maximality). Section 3 presents the microKan-
ren formalization. Sections 4 and 5 describe two case studies using
the formalization. Section 6 discusses key design decisions. Sec-
tion 7 surveys related work, and Section 8 concludes.

2 Background

2.1 The Agda Programming Language

Agda is a dependently typed functional programming language
and proof assistant [13]. It is based on Martin-Lof type theory [11],
which means that types are first-class values and may depend on
other values. This makes it possible to express precise specifica-
tions directly in the type language and to enforce them at compile
time.

Data Types. Agda data types are introduced with the data key-
word using GADT syntax. As a running example, consider the
Peano natural numbers and the finite type Fin:

data N : Set where
zero : N
suc : N - N
data Fin : N - Set where
zero : {n : N} - Fin (suc n)
suc : {n : N} » Fin n » Fin (suc n)

Because the index n changes in the suc constructor, Fin is an
indexed family rather than a simple type.
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Propositions as Types. Martin-Lof type theory identifies propo-
sitions with types and proofs with terms: the Curry—Howard corre-
spondence. A value of type t = u is evidence that t and u are defi-
nitionally equal; the sole constructor refl witnesses reflexivity. A
theorem is a function that, given the appropriate hypotheses as ar-
guments, produces such evidence. This style (programs and proofs
written in the same language, verified by the same type checker) is
what makes Agda suitable for formalizing algorithms such as the
microKanren search engine described in this paper.

Induction as Recursion. A central consequence of the Curry—-How-
ard correspondence is that proof by induction is definitionally the
same as structural recursion. For an inductive type such as IN, to
prove a property P : IN — Set for every natural number it suf-
fices to provide a base case P zero and a step function P n — P
(suc n): these are exactly the two clauses of a recursive function.
Agda’s termination checker enforces that the recursion is struc-
tural, meaning each recursive call must be on a strict subterm,
which corresponds precisely to the well-foundedness condition re-
quired by induction.

As a concrete illustration, consider the statement that right-ad-
dition of zero is the identity:

+-identity"” : V (n : N) > n + zero = n

+-identityr zero = refl

+-identity" (suc n) = cong suc (+-identity" n)

The clause +-identity" zero = refl is the base case: Agda
reduces zero + zero to zero by the first equation of _+_,so refl
suffices. The clause +-identity" (suc n) is the inductive step:
the inductive hypothesis is the recursive call +-identity" n, which
hastypen + zero = n,and cong sucliftsittosuc (n + zero)
= suc n. Agda reduces suc n + zero to suc (n + zero) defi-
nitionally, so no explicit rewrite is needed. The termination checker
accepts the definition because n is a strict subterm of suc n. This
pattern, one clause per constructor with recursive calls on sub-
terms, pervades every inductive proof in this paper. Readers un-
familiar with Agda are referred to [14, 17].

Coinduction and Copatterns. Coinductive types model potentially
infinite data, such as streams or non-terminating computations.
Where inductive types are defined by constructors (how values are
built), coinductive types are defined by observations (how values
are consumed). Agda supports coinduction through record types
marked coinductive: the record’s field is an observation, and a
value of such a type is accepted if every observation eventually
returns a result.

As a concrete example, consider an infinite stream of values:

record «Stream (A : Set) : Set where
coinductive

field force : Stream A

data Stream (A : Set) : Set where
[1 : Stream A
: A > oStream A - Stream A

The coinductive keyword marks »Stream as a type whose in-
habitants need not be finite. Its sole field force computes the next
Stream step on demand. The paired data type Stream is the strict
layer: it either halts ([]) or yields one element followed by a sus-
pended tail of type »Stream A.
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A corecursive function is defined by specifying what each ob-
servation returns, using a copattern on the left-hand side:

mutual
repeat : {A : Set} - A - Stream A
repeat x = x :: orepeat x

orepeat : {A : Set} - A - «oStream A
orepeat x .force = repeat x

The clause wrepeat x .force = repeat x reads: “when the
force observation is applied to wrepeat x, the result is repeat
x”. The copattern . force on the left-hand side acts as a guard [1]:
Agda’s guardedness checker accepts the definition because the core-
cursive call repeat x appears exactly one . force-step deep, en-
suring that every finite sequence of observations terminates. This
is the coinductive dual of the inductive requirement that every re-
cursive call be on a strict subterm: instead of consuming a smaller
argument, a corecursive function must produce one observation be-
fore recurring.

This data/record mutual pattern illustrates the coinduction mech-
anism Agda provides. The microKanren formalization uses an in-
verted variant (Section 3.2): the coinductive record KStream is
the outer type, and its sole field step forces an inductive Step—
eliminating the separate suspension wrapper while keeping every
corecursive call directly under a Step constructor.

2.2 The MicroKanren Calculus

microKanren [7] is a minimal functional core for relational pro-
gramming. The entire system fits in under forty lines of Scheme
and relies on three concepts: states, goals, and streams.

States. A state is a pair (s, c) where s is a substitution and c is a
counter tracking the next fresh variable index.

Goals. A goalis a function from states to streams of states: Goal =
State — Stream State. The four primitive goals are: (i) (== u v),
the unification goal; (ii) (call/fresh f), the fresh-variable intro-
ducer; (iii) (disj g; 9y),fair interleaving of two streams; (iv) (conj
g1 92), sequential composition.

Streams. microKanren uses three kinds of streams: the empty
stream mzero, a mature stream (cons state rest), and an im-
mature stream (a zero-argument thunk). The thunk form enables
fair search: when mplus encounters a thunk in its first argument,
it suspends it and processes the second argument first.

(define (mplus $1 $2)
(cond ((null? $1) $2)
((procedure? $1) (lambda () (mplus $2 ($1))))
(else (cons (car $1) (mplus (cdr $1) $2)))))

This Scheme presentation serves as the semantic reference for
the Agda formalization developed in Section 3. The central differ-
ences are: (i) terms carry their variable scope as a type-level index;
(ii) substitutions are scope-indexed ALists; and (iii) the stream
type is amutual data/record pair modelled on the Delay Monad [5],
replacing untyped thunks.
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2.3 First-Order Unification By Structural
Recursion

To make the termination of the unification algorithm structurally
apparent, we represent variables using de Bruijn indices.

First-order terms with De Bruijn variables. We work with a three-
constructor first-order term language parameterized over an atomic
value type A with decidable equality:

data Term (n : N) : Set where

var : Fin n - Term n
val : A - Term n
(_,_) : Termn - Term n » Term n

Variables are represented as elements of Fin n, the finite type
of natural numbers strictly less than n. This well-scoped de Bruijn
representation ensures that a Term n has at most n distinct vari-
ables, and that scope violations are ruled out by type-checking.

The substitution action is captured by walk:

walk : Termm — (Finm — Termn) — Termn

A substitution from m to n is simply a function Fin m — Term n.
Substitution composition f « g is defined as (f <) g (pointwise ex-
tension of f to terms) and is provably associative via walk-assoc.

Association Lists as Substitutions. Following McBride [12], sub-
stitutions are represented as association lists:
data AList : N - N - Set where
nil : AList n n
_snoc_/_ : AList m n - Term m -» Fin (suc m)
- AList (suc m) n
The type AList m n denotes a substitution whose domain has
m variables and whose codomain has n variables. Each snoc step
eliminates one variable, which is the key insight that makes termi-
nation of the unification algorithm structurally apparent.

The Accumulating MGU Algorithm. The accumulating most-general
unifier amgu takes two terms and a partial substitution (the accu-
mulator) and either extends the accumulator to unify the terms or
fails:

amgu : (tu : Termm) — 3(AList m) — Maybe(3(AList m))

The algorithm proceeds by simultaneous recursion on the struc-
tures of t and u. The key cases are: flex-flex (two variables), flex-
rigid (variable vs. non-variable, with occurrence check), rigid-rigid
(two atoms), and pair (structural decomposition). The snoc step is
handled by the equation:

amgu tu (p snocr/z) =
amgu ((r forz) < t) ((r forz) < u) p >= (snocr/z)

formalized as amgu-snoc-eq, which requires careful case analy-
sis because Agda’s pattern-match tree for amgu dispatches on the
natural number component of the accumulator before the list com-
ponent.

2.3.1 Correctness of Unification.

The Property Framework. We define a property of substitutions
as a predicate over all substitutions with a given source arity:

Property m = V{n}. (Fin m — Termn) — Set

Key instances are:
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« Unifiestu f =walkt f =walku f: f unifies t and u.

» Nothing P: no substitution satisfies P.

« Max P f: f satisfies P and is more general than every other
solution.

The preorder f < gsaysthat f is more specific than g: 3h, Vx, fx =
(heg)x

The AmguResult Type. The correctness of amgu is expressed via
an indexed data type that serves as a proof-carrying result:
data AmguResult (t u : Term m) (p : AList m 1)
: Maybe (3 (AList m)) - Set where
unifies 1 V {o++p} (o : AList 1 n)
> O++p = 0 ++' p
Max (Unifies t u [-¢ sub p]) (sub o)
- AmguResult t u p (just (n , o++p))
not-unifies : Nothing (Unifies t u [-¢ sub pl)
- AmguResult t u p nothing
Here P [—+« f] denotes Ag — P (g« f), i.e., P relativized through
the accumulator f. The unifies constructor witnesses that amgu
returned o+ p, the concatenation of a new partial unifier ¢ (whose
sub is the MGU of t and u relative to p) with the original accumula-
tor. The not-unifies constructor witnesses that no unifier exists.
The main correctness theorem is:

{

amgu-correct : ¥V {1} (t u : Termm) (p : AList m 1)
- AmguResult t u p (amgu t u (1, p))

The proof is by simultaneous induction on ¢, u, and p. In the
rigid-rigid case (t = val a, u = val b) the call succeeds exactly
when a = b, giving the identity as the trivial MGU. In the flex-rigid
cases (a variable against a non-variable term) the occurs check
is applied: if the variable occurs in the other term the call fails;
otherwise the singleton substitution x — t’ is the MGU, by the
variable-elimination lemma. The pair case (t;, 1) vs. (uy, t3) is han-
dled by the Optimist Lemma: compute the MGU o7 of ¢; and uy,
then compute the MGU o, of t; and u, using oy as accumulator;
their composition o, + 07 is the MGU of the pair. The snoc case
p = pg snoc r/z uses the identity amgu t u (py snoc r/z) =
amgu ((r/z) < t) ((r/z) < u) py >= (snoc r/z): the call reduces
to an inner call on the pre-substituted terms with accumulator py,
and appending r/z back to the inner result recovers the original ac-
cumulator shape; the correctness certificate for the inner call then
carries over directly.

Three correctness theorems follow directly from amgu-correct:

THEOREM 2.1 (SOUNDNESS). Ifamgut u (k,o) returns just (k’,c”),
then sub o’ unifiest and u.

Proof. The unifies case gives T witho’ = 7-+H0 and subzesub o
unifying t and u. The identity sub(r+ o) = sub r+sub o then gives
the result. [

THEOREM 2.2 (COMPLETENESS). Whenever t and u are unifiable,
then amgu t u (¢, nil) does not fail.

Proof. Were the call to return nothing, the not-unifies case
would give a witness that no substitution unifies ¢ and u relative
to subnil = id, i.e., no substitution unifies them at all; this con-
tradicts the hypothesis. O

THEOREM 2.3 (MaximaLity (MGU)). Ifamgutu(c,nil) returns
just (k’,0’), then sub o’ is a most-general unifier of t and u.
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Proof. The unifies case with p = nil gives ¢’ = § with sub§
being the MGU of t and u relative to subnil = id. Since g+.id = g
for every g, this is the ordinary MGU condition: sub ¢’ unifies ¢
and u, and every unifier f” satisfies f* = h « sub o’ for some h. OJ

3 The MicroKanren Formalization
3.1 Search State

A state encodes the current knowledge of the search: a counter c
of created variables, a count k of remaining free variables in the
accumulator, and a partial substitution o : AList c k:
record State : Set where
constructor mkState
field {scope} {vars} : N
o : AList scope vars
The scope counter and variable count are implicit record fields,
exposed by pattern-matching asmkState {ci1} {k} o.Thisallows,
for instance, =k _ to recover the proof that the state’s scope index
matches the type index of its term arguments via a decidable equal-
ity check. The initial state is emptyState = mkState nil.

3.2 Coinductive Streams

Non-deterministic search produces a stream of states, potentially
infinite. We represent streams using a mutual record/data pair in
which the roles are inverted compared to the Delay Monad pattern
of Section 2.1:
mutual
record KStream :
coinductive
field step : Step

Set where

data Step : Set where
fail : Step
yield : State - KStream - Step
later : KStream - Step

KStream is the coinductive record: its sole field step forces one
observation and returns a Step. Step is an ordinary inductive type
with three constructors: fail is the empty stream; yield s xs
produces state s and a continuation KStream xs; later xs is a
computation step with no output, enabling suspension.

A corecursive function is defined by a copattern equation on
.step: writing f .step = e specifies the observation. The
right-hand side e is a Step value, and any recursive calls to f ap-
pear directly under a Step constructor—one guarded step from
the copattern boundary. Agda’s checker accepts every corecursive
function in the formalization this way, without any pragma.

3.3 Stream Primitives

Fair Interleaving. Fair interleaving ensures that no branch of the
search is starved:

interleave : KStream - KStream - KStream
interleave xs ys .step with xs .step
| fail = ys .step
| yield s xs' = yield s (interleave ys xs')
| later xs' = later (interleave ys xs')

The copattern .step on the left-hand side defines interleave
as a corecursive function: each .step observation reduces to a
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Step value. The three cases serve distinct roles. Base case: when
xs is fail, the second stream ys is returned unchanged. Yield case:
the head state s is emitted and the roles of the two streams are
swapped: ys becomes the left argument and the tail xs' the right.
Later case: the suspension is preserved and the streams are again
swapped. The swap is the mechanism of fairness: after at most one
step from the left stream, control passes to the right, and vice versa.
Agda’s guardedness checker accepts this definition without any
pragma or mutual block: the two recursive calls interleave ys
xs' appear directly under yield and later, which are construc-
tors of Step—the right-hand side of a copattern . step equation.

Binding. Binding applies a goal to each element of a stream and
interleaves the results. The implementation uses a round-robin queue
to track in-flight sub-streams:

bindDriver : KStream - List KStream - Goal - KStream
bindDriver xs [] g .step with xs .step

| fail = fail

| later xs’ = later (bindDriver xs’ [] g)

| yield s xs’ = later (bindDriver xs” [ g s ] g)
bindDriver xs (q :: qs’) g .step with xs .step | q .step

| fail | fail = later (bindDriver mzero gqs’ g)
| fail | yield t q~

= yield t (bindDriver mzero (gs’ =7 q’) Q)
| fail | later q’

= later (bindDriver mzero (gs’ =" q’) g)
| later xs” | fail = later (bindDriver xs’ gs’ g)
| later xs” | yield t q°

= yield t (bindDriver xs’ (qs’ =7 q') g)
| later xs” | later q’

= later (bindDriver xs’ (gs’ =7 q") 9)
| yield s xs” | fail

= later (bindDriver xs’ (gs’ =7 g s) g)
| yield s xs” | yield t q°

N v

yield t (bindDriver xs’ ((qs’
yield s xs’ | later q’
= later (bindDriver xs’ ((gs’

T q’) =T ogos) 9)

bindStep : KStream - Goal - KStream
bindStep xs g = bindDriver xs [] g

bindDriver xs qs g maintains two sources of pending work:
the main stream xs and a queue qs of in-flight sub-streams pro-
duced by earlier applications of g to states from xs. At each step,
bindDriver inspects the next constructor of both xs and the queue
head simultaneously (when the queue is non-empty), dispatching
on all nine combinations.

When the queue is empty: fail in xs terminates; a later defers
one step; yield s xs' enqueues g s and emits a later to main-
tain one-step progress. When the queue has a head q: a yield t
q' from q emits t immediately and re-enqueues the tail q' at the
back; a later q' or fail advances or discards q. In every case, xs
advances by one constructor—guaranteeing that every state in xs
is eventually processed regardless of how many sub-streams are
queued.

Agda’s guardedness checker accepts bindDriver because every
recursive call appears directly as the argument of later or yield
in Step—the right-hand side of a copattern .step equation. No
pragma is needed. bindStep starts bindDriver with an initially
empty queue.

T q’) =T ogos) 9)
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3.4 The Four MicroKanren Primitives

Having established the coinductive stream and its core operations,
we now define the four goal-level primitives that constitute mi-
croKanren.

Unification Goal. The goal t = u invokes amgu on the current
state:

_=«_ : ¥V {c} - Term c - Term c - Goal
_=«_ {c} t u (mkState {c1} {k} o) with Nat. Z c1 c
| no _ = mzero
| yes refl with amgu t u (k , o)
| nothing = mzero

| just (k' , o') = unit (mkState o¢')

The runtime check ¢; 2 ¢ recovers the proof ¢; = ¢ needed to
make o : AList ¢ k compatible with t,u : Term c. Under the in-
variant that goals are only applied to states whose counter matches
the term’s scope (an invariant maintained by callFresh), the no
branch is unreachable.

Fresh Variable Introduction. The callFresh combinator intro-
duces a new logic variable:

callFresh : (V {c} - Term (suc c) - Goal) - Goal
callFresh f (mkState {c} o) =
f (var (fromN c)) (mkState (liftAList o))

The fresh variable is var (fromN c) : Term (suc c), the top-
most index in Fin (suc ¢). The existing substitution o : AList ck
is lifted to LiftAList o : AList (suc ¢) (suc k) to accommodate
the new variable.

Disjunction and Conjunction.

disj : Goal - Goal - Goal
disj g1 g2 s = interleave (g: s) (gz s)

conj : Goal - Goal - Goal
conj g1 g2 s = bindStep (g1 s) g2

disj expresses logical or: both goals are applied to the same in-
put state s, yielding two independent streams of solutions, which
are then merged with interleave. The choice of interleave,
rather than plain concatenation, is what makes disjunction fair: if
g7 produces infinitely many solutions, concatenation would never
reach any solution from g,, whereas interleave alternates be-
tween the two streams so that every solution in either branch is
eventually reached.

conj expresses logical and: g; is applied to s first, producing
a stream of states that each satisfy g,; then g, is applied to ev-
ery state in that stream and the results are merged. This is pre-
cisely the monadic bind of the stream type, so bindStep is the
right primitive: it consumes the output of g; one element at a time,
applies g, to each, and interleaves the resulting sub-streams via
the round-robin queue in bindDriver, ensuring that conjuncts are
searched in a depth-first-with-interleaving order rather than pure
depth-first, which could loop on an infinite branch.

Together, disj and conj reduce the entire search strategy to
two primitives: interleave handles branching, and bindStep han-
dles sequencing. Every other search combinator in microKanren is
a derived form of these two.
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3.5 Run Interface

The run function executes a goal program against a fresh variable
and collects the first n answers, using a fuel counter f to limit
later steps and prevent divergence:

takeListS : N - N - Step - List State
takeListS _ _ fail = []
takeListS f zero (yield ) =[]
takeListS f (suc n) (yield s xs”)

= s i takeListS f n (xs’ .step)
takelListS zero n (later ) = []
takeListS (suc f) n (later xs”’)

= takelListS f n (xs’ .step)

takeList : N - N - KStream - List State
takeList f n xs = takelListS f n (xs .step)

takeList f n xs forces one .step observation and delegates
to takeListS, which collects at most n answer states spending
at most f steps of fuel on later constructors. The five clauses of
takeListS reflect the two independent stopping conditions and
the three Step shapes:

«» fail:the stream is exhausted; return the empty list regard-
less of remaining fuel or answer quota.

« later, fuel = 0: the fuel counter has run out; return the
empty list, treating this branch as timed out.

« later, fuel > 0: decrement the fuel counter and force one
step via xs’ .step, continuing the traversal.

 answer quota = 0: the requested number of answers has
been collected; stop immediately.

» yield s xs’:aresult s is available; prepend it to the list
and recurse on xs* .step, decrementing the answer quota.

This design directly reflects the execution strategy of the search: be-
cause the stream may contain infinitely many later suspensions
interspersed with yielded answers, a consequence of interleave
and bindStep inserting later constructors to maintain guarded-
ness, takeList must be prepared to traverse an unbounded num-
ber of later steps between consecutive answers. The fuel counter
makes this traversal total in Agda: it converts a potentially non-
terminating coinductive traversal into a structurally recursive func-
tion on the fuel argument, at the cost of returning fewer than n
answers if the fuel runs out before the quota is met. In practice the
caller supplies a large fuel value so that the limit is never reached
for finite searches.

The single-variable interface. For programs with a single logic
variable, the library exposes:

run : N - (V {c} » Term (suc c) - Goal) - List (3 Term)
runn f =map (A s » reify s (var (fromN 0)))
(takeList 100000 n (callFresh f emptyState))

run n f introduces one fresh variable, applies f to it via func-
tion callFresh, then collects up to n results by reifying the vari-
able at index O in each answer state. For programs with multiple
logic variables the recommended pattern is to pre-allocate a state
with the desired variable count and pass the corresponding var
(#1) terms directly, as illustrated in the case study (Section 4).
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4 Case Study: The High-Five Puzzle

To validate the formalization beyond its own correctness theorems,
we encode the high-five puzzle, a five-house logic puzzle originally
defined in [15]. The puzzle assigns a company, a department, and
an employee to each of five office positions subject to eleven rela-

tional constraints. hi = (var (# 0) , var (# 1) , var (# 2))
h2 = (var (# 3) , var (# 4) , var (#5))

Variables are pre-allocated by starting the search from a state
with PuzzleN free variables, and naming them viavar (#i) wrapped
in house-triples:

H = Term PuzzleN x Term PuzzleN x Term PuzzleN

Puzzle statement. The setting is an office building whose 41st ..
through 45th floors each house exactly one business, one business hs
type (department), and one business owner (employee). The goal
is to determine which combination of company, department, and
employee occupies each floor from the following eleven clues:

(1) One business is Watershed Co.
(2) One business type is a real-estate business.
(3) Edwina’s company is exactly one floor above Nelson & Leopold.
(4) Edwina’s company is exactly one floor below the account-
ing firm.
(5) Brierwood Ltd. is on the 44th floor.
(6) Zed’s company is exactly one floor above Ogden’s.
(7) Keith’s business is on the 45th floor. nelsonleopold-left-edwina :
(8) Trish works at the public-relations firm. nelsonleopold-left-edwina
(9) Trish’s firm is exactly two floors above Glyptic Co. = someAdj A (¢, ., ) (., _ ,e) -
(10) Glyptic Co. and the Thebes Group are the literary agency conj (c =« val (company NelsonLeopold))
and the web-design firm, in some order. (e =« val (employee Edwina))
(11) The web-design firm is on the 41st or 42nd floor.

(var (# 12) , var (# 13) , var (# 14))

puzzleState : State
puzzleState = mkState (nil {n = PuzzleN})

The Atom values (companies, departments, employees) are lifted
into Term PuzzleNwith the val constructor. Positional constraints
are not expressed with arithmetic on floor numbers; instead they
are unrolled into a finite disjunction of conjunctions over consec-
utive floor variables. For example, “Edwina’s company is exactly
one floor above Nelson & Leopold” (clue 3) expands to a four-way
disjunction over adjacent house pairs:

Goal

where someAdj ranges over the four adjacent pairs (hy, hy), ...,
(hy, hs). The two-floor gap in clue 9 is handled analogously with a
helper ranging over the three pairs at distance two. All eleven con-
straints are composed with conj* into a single puzzle : Goal.

Clues 3-4 and 6 express positional constraints between floors; clues 5,
7, and 11 fix or restrict individual floor assignments; the remain-
ing clues establish membership of a value in one of the five floor
slots without specifying the exact position. Together they admit a
unique solution (Section 4.4). Nested callFresh and the callFresh2 Combinator. The micro-
Kanren idiom for introducing multiple fresh logic variables is to
nest callFresh calls. In our formalization this pattern is subtly
broken when both variables appear in a single = goal. When the
outer callFresh evaluates on a state with counter cy, it introduces
x : Term (suc ¢p). The inner callFresh extends scope again,
soy : Term (suc (suc ¢)). Because = checks at runtime that
the state counter matches the term’s scope index, x is now at the
wrong scope and the goal silently returns mzero.

We resolve this with callFresh2, which allocates both vari-
ables in the same extended scope by applying 1iftAList twice
before invoking the continuation:

4.1 Domain Type And Module Instantiation
We instantiate MicroKanren with a concrete atom type:

data Atom : Set where
Brierwood GlypticCo WatershedCo ThebesGroup : Atom
NelsonLeopold RealEstate PublicRelations : Atom
WebDesign Literary Accounting Keith : Atom
Trish Edwina Ogden Zed nil : Atom

Atom-Z : DecidableEquality Atom
-- 256 cases by exhaustive pattern match on all

-- constructor pairs

callFresh2 : (V {c} -» Term (suc (suc c)) -

open import Main Atom Atom-Z Term (suc (suc c)) =
z Goal) - Goal

open import MicroKanren Atom Atom-=
callFresh2 f (mkState {c} o) =

f {c} (var Fin.zero) (var (Fin.suc Fin.zero))

4.2 Encoding The Puzzle (mkState (liftAList (LiftAList o)))

We declare the total variable count once:

PuzzleN : N
PuzzleN = 15

After two applications of 1iftAList, the original variables at
indices 0, ...,c—1 are shifted to 2, ..., c+1. The two fresh variables

-- 3 variables per house x 5 houses occupy indices 0 and 1, both unbound in the extended substitu-

Each floor i € {1, ..., 5} (corresponding to floors 41-45) is rep-
resented by three logic variables: company, department, and em-
ployee. All 15 variables share the type Term PuzzleN, which is
essential: every = goal checks at runtime that the state’s scope
counter equals the type index of its arguments, so all variables
must carry the same index.

tion, and both typed at Term (suc (suc c)). The continuation re-
ceives them as a pair in identical scope, so = goals comparing ei-
ther variable to a value work without weakening. Pre-allocating all
variables from a single mkState (nil {n = PuzzleN}) remains
the preferred approach when more than two fresh variables are
needed.
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4.3 Translating Constraints

Each Racket constraint maps directly to a combination of disj
and conj. The helper some ranges over all five houses: some g =
disj* (map g houses). For example, “some house has company
Watershed” becomes:
watershed : Goal
watershed = some A (¢ , _, ) -
c =« val (company WatershedCo)

Multi-field membership requires both fields to belong to the
same house, so each disjunct is a conj of two equalities over the
same house’s variables:

trish-pr : Goal

trish-pr = some A (_ , d , e) -

conj (d =« val (department PublicRelations))
(e =« val (employee Trish))

All eleven constraints are composed with conj*. The wildcards
in the Racket patterns disappear entirely: since unmentioned slots
remain unconstrained, no fresh anonymous variables are needed.

4.4 Evaluation And Results

solution : List (3 Term)
solution = runPuzzle 1
where
states = takelList 100000 n (puzzle puzzleState)
runPuzzle n = map (A s » reify s houselList) states

Evaluated via the GHC backend, the program terminates imme-
diately and yields the unique solution:

Table 1: Evaluation results for the puzzle.

House Company Department Employee
H1 Glyptic Web-Design Ogden
H2 Thebes-Group Literary Zed

Public-Relations  Trish
Real-Estate Edwina
Accounting Keith

H3 Nelson-&-Leopold
H4 Brierwood
H5 Watershed

This matches the output of the original Racket miniKanren pro-
gram, confirming that the Agda formalization faithfully implements
the search semantics.

5 Case Study: Infinite Enumeration

The High-Five puzzle has a finite search space, so it does not exer-

cise the later-based fairness of the coinductive stream model. To

validate the coinductive machinery on an infinite domain, we de-

fine a goal that enumerates all Peano naturals without any pragma.

We represent Peano numerals as atoms and instantiate the en-
gine over a dedicated atom type:

data NatAtom :

0 : NatAtom

S : NatAtom - NatAtom

Set where

The goal natsFrom is defined by copattern matching on the
.step field of the coinductive KStream. Since every corecursive
call appears directly under yield or laterina . step clause, Agda’s
guardedness checker accepts the definition under the - -safe flag:
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natsFrom : NatAtom - V {c} - Term (suc c) - Goal
natsFrom n x s .step with (x =« val n) s .step

| fail = later (natsFrom (S n) x s)
| yield s' = yield s' (natsFrom (S n) x s)
| later _ = later (natsFrom (S n) x s)

The fail branch advances the counter and emits a later sus-
pension rather than discarding the remaining search. The yield
branch records the current solution and also continues with the
next natural, so the stream is infinite. We retrieve the first k an-
swers with the standard run interface:

firstN : N - List (3 Term)

firstN k = run k (natsFrom 0)

Evaluating firstN 4 produces [0, S0, S(S0), S(S(S0))], con-
firming that takeList’s fuel parameter correctly bounds coinduc-
tive unfolding even when the stream never exhausts.

6 Discussion

Interleave. interleave is a single corecursive function defined
by acopattern equation interleave xs ys .step with xs .step.
Every recursive call appears directly under a Step constructor (yield
or later), which is one guarded step from the copattern boundary.
Agda’s checker accepts the definition without any pragma.

The guardedness problem for bind. The central difficulty is that
fair binding must apply a goal to every state in a stream and in-
terleave the resulting sub-streams with the remainder: a pattern
where the recursive call must be passed as an argument to another
function. The guardedness checker accepts corecursive calls only
when they appear directly under a constructor, never under an ar-
bitrary function call; it does not look through function bodies.

Resolution via a round-robin queue. We resolve this issue using
bindDriver: the recursive call to bindDriver always appears as
the direct argument of later or yield in the body of a copat-
tern . step equation. There is no intermediate function application
wrapping the recursive call. Agda’s guardedness checker therefore
accepts all nine dispatch cases without any pragma, and the formal-
ization type-checks under the - -safe flag, ruling out postulates,
axioms, and TERMINATING annotations globally.

Algebraic properties of interleave. We prove two membership-
equivalence lemmas for the interleaving combinator. The first es-
tablishes that s € interleave mzero ys < s € ys, which follows
because mzero .step = fail makes the two streams definition-
ally equal. The other establishes that s € interleave xsmzero <
s € xs, proved by inverting membership with €-interleave™
and eliminating the right branch with —=€- fail. Together with the
existing disj-sound and disj-complete-1/r results, these lem-
mas show that disj acts as a set-union operator with const mzero
as the identity element, a key algebraic property of the search com-
binator even in the absence of a full denotational semantics.

7 Related Work

Verified Logic Programming Engines. Jaume [9] presents a full
formalization of SLD-resolution in the Calculus of Inductive Con-
structions, verified with Coq. The formalization covers first-order
term unification (derived from an earlier proof for quasi-terms), ex-
plicit renaming in SLD-derivations, and the switching and lifting



SBLP 2026, September 8-11, 2026, Sao Paulo, SP, Brazil

lemmas needed to establish soundness and completeness of Prolog
with respect to its denotational semantics. Our work differs from
Jaume’s in three important ways. First, we target microKanren’s
fair-interleaving search rather than Prolog’s depth-first SLD reso-
lution; the two search strategies differ fundamentally in complete-
ness guarantees for infinite search spaces. Second, our term lan-
guage is scope-indexed: variables are Fin values and substitutions
are AList m n terms, so scope violations are type errors; Jaume’s
formalization uses untyped terms and separate well-formedness
conditions. Third, we require no coinduction because Jaume’s SLD
derivations are finite trees, whereas our coinductive stream model
is essential for representing the potentially infinite answer sequences
of fair search.

miniKanren Semantics. Rozplokhas et al. [16] give two certified
formal semantics for the core miniKanren language, formalized in
Coq. The denotational semantics interprets goals as sets of substi-
tutions corresponding to the minimal Herbrand model for definite
logic programs; the operational semantics models the actual search
procedure as a labeled transition system with interleaving. They
prove soundness and completeness of the operational semantics
with respect to the denotational one, and the Coq development
is publicly available. Crucially, their language includes recursive
relational definitions (the Invoke constructor), which allows pro-
grams such as append® to be expressed directly; our formalization
covers only the four microKanren primitives and treats recursion
as a meta-level concern. A further difference is in the treatment
of variables: Rozplokhas et al. use a dynamically scoped variable
counter with untyped terms, whereas our Fin-indexed terms and
AList m n substitutions make scope safety a static guarantee. Fi-
nally, their soundness and completeness results concern the search
process as a whole; we instead focus on a machine-verified correct-
ness certificate for the unification primitive, additionally establish-
ing maximality of the computed unifier, a property not addressed
in their work.

Unification in Type Theory. McBride [12] shows that first-order
unification can be made structurally recursive by encoding the
variable set as a dependent index: as each variable is eliminated
by substitution, the index decreases, and termination follows from
the type structure without a separate measure argument. The algo-
rithm and its partial correctness proof were verified in the LEGO
proof assistant. Our formalization builds directly on McBride’s in-
sight, re-implementing his algorithm in Agda with two significant
extensions: (1) we use accumulating association-list substitutions
(AList m n) rather than functions on variable sets, following a
design direction McBride himself suggested; and (2) we package
soundness, completeness, and maximality into the AmguResult type,
so the correctness certificate is an intrinsic part of the algorithm’s
return type rather than a separately proved relation. We then con-
nect this verified unifier directly to microKanren’s search engine,
which McBride’s paper does not address.

Allais et al. [2] develop a generic universe of syntaxes with bind-
ing in Agda, in which renaming, substitution, and other scope-safe
traversals are implemented once for every syntax in the universe
and their properties are derived automatically. Variables are rep-
resented with de Bruijn indices and scopes are tracked as type in-
dices, the same representation we use. The key difference in scope

Henke and Ribeiro

is that their framework is parameterized over an arbitrary syntax
description, whereas our formalization is specialized to first-order
terms over a decidable atom type with a fixed arity of zero. Their
generic traversal machinery is not needed here because the only
operations on terms required by microKanren are unification and
walk-based dereferencing, both of which are specific enough to
be defined directly. The two developments share the philosophical
commitment to making ill-scoped terms unrepresentable by con-
struction.

Proof Search in Agda. Kokke and Swierstra [10] implement a
Prolog-style resolution procedure directly inside Agda, integrating
it with Agda’s reflection mechanism to produce a first-class proof-
search tactic (auto). Their interpreter is written in the safe frag-
ment of Agda (no postulates; all definitions pass the termination
checker) and uses coinduction to handle the fact that resolving a
Prolog query may not terminate, mirroring our use of coinductive
streams to model non-terminating relational search. The key differ-
ence in scope is that their search targets proof construction: given
a hint database of lemmas, it synthesises a proof term witnessing
a given type. Our work, by contrast, targets answer enumeration:
given a microKanren goal, it produces a stream of substitutions
representing all satisfying assignments. Both developments share
the architectural choice of representing open-ended search coin-
ductively to keep all code total, and both operate within Agda’s
type system to obtain static guarantees not achievable in a dynam-
ically typed host language.

8 Conclusion

We have presented a mechanized formalization of microKanren in
Agda, covering scope-safe terms with decidable equality, a machine-
verified accumulating most-general unifier, a coinductive stream
type for non-deterministic search, and the four microKanren prim-
itives. The formalization establishes soundness, completeness, and
maximality of the unification goal, and type-checks entirely under
the - -safe flag.

Future work includes proving a full denotational semantics for
the four primitives, including associativity of bindStep and com-
mutativity of interleave, and extending the formalization to ta-
bling [4] and constraint domains [3, 8].

Artifact Availability
The Agda source code for the formalization is available at:
https://github.com/lives-group/agda-kanren

The development type-checks under the - - safe flagin Agda 2.7.0.1
with standard library 2.2.

Use of Generative Al

Generative Al technologies (specifically Gemini) were used in the
preparation of this work for grammatical review. The authors re-
viewed all Al-generated suggestions and take full responsibility for
the content and validity of the final text.
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